Hamiltonicity of the cross product of two Hamiltonian graphs  by Gravier, Sylvain
DISCRETE 
MATHEMATICS 
ELSEVIER Discrete Mathematics 170 (1997) 253-257 
Note  
Hamiltonicity of the cross product of two 
Hamiltonian graphs 
Sy lva in  Grav ier*  
University J. Fourier, Laboratoire Leibniz-IMAG (LSD2), B.P. 53, 38041 Grenoble Cedex 9, France 
Received 2 April 1996; revised 27 August 1996 
Abstract 
We give a necessary and sufficient condition for the Hamiltonicity of the cross product of two 
Hamiltonian graphs. 
1. Introduction 
Let G be a simple graph (i.e. without loops or multiple edges), V(G) will denote 
its vertex set and E(G) its edge set. A Hamiltonian cycle of a graph G is a spanning 
cycle of G. We say that a graph is Hamiltonian if G admits a Hamiltonian cycle. The 
Hamiltonian problem is fundamental in graph theory. The reader can find a survey 
in [3]. 
The square product (sometimes also called Cartesian product) of two graphs G and 
H is the graph denoted by GDH, with V(G[]H)= V(G) × V(H) (where × denotes 
the usual Cartesian product) and ((u, u'); (v, v t)) E E(G [] H)  if and only if (u = v and 
(u', v ~) E g(H))  or (u' = v' and (u, v) E E(G)). 
The cross product (sometimes also called tensor product) of two graphs G and H is 
the graph denoted G×H, with V(G×H)= V(G)× V(H) and ((u,u');(v, vt))EE(G×H) 
if and only if (u, v) E E(G) and (u', v') E E(H). 
We use the term of square product because the product of two edges gives a square 
(a cycle of length four), and the tensor product gives a cross (the complement of 
a cycle of length four). 
Let ~ be the set of graphs G=(V,E)  such that G is Hamiltonian and if IV] is 
even then there exists a Hamiltonian cycle of G denoted C = {0 . . . . .  2k - 1 } with the 
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edges ( i , i+ 1) modulo 2k, and two chords (r,s) and (u,v) where u and v are even, 
and r and s are odd. 
The Hamiltonicity problem of graph products has been investigated. The decomposi- 
tion of the square product into Hamiltonian subgraphs has been studied by Aubert and 
Schneider in [1]. The decomposition of the cross product into Hamiltonian subgraphs 
has been studied by Kou'ider and Kheddouci in [4]. 
My main result can be formulated as follows. 
Theorem 1. Let G1 and G2 be two Hamiltonian graphs. The graph G1 × G2 is Hamil- 
tonian i f  and only if  either G1 or G2 belongs to ~.  
2. Proof of sufficiency 
We decompose the proof of sufficiency into two lemmas. 
Lemma 2. Let GI and G2 be two Hamiltonian graphs of  order nl and n2 respectively. 
I f  nl and n2 are not both even then G1 x G2 is Hamiltonian. 
Proof. We look for a spanning cycle of G1 x G2. Then we can assume that each 
Gi is a chordless cycle. By the hypothesis, we can also assume that n2 is odd. Let 
Vi--{0 . . . . .  n i -  1 } be the set of vertices and ( j , j  + 1) modulo ni be the set of edges 
of Gi for i = 1,2. 
For every i belonging to {0 . . . . .  n l -  1), we build paths P,, whose union spans 
V(GI × G2): If i is even then P/is a (i,O)-(i, n2 - 1) path using the edges (( i ,k) , ( i+ 1, 
k + 1)) and ((i + 1,k + 1),(i,k + 2)) for k- -0, . . . ,n2 - 3. If i is odd then P,. is a 
(i,O)-(i, n2 - 1) path using the edges ( ( i , k ) , ( i -  1,k+ 1)) and ( ( i -  1,k+ 1),(i,k +2) )  
for k---0 . . . . .  n2 - 3. 
Let (u,v) be a vertex of G1 x G2. If v is even then (u,v) belongs to Pu. Else (u,v) 
belongs to Pu+l. 
To build the Hamiltonian cycle, we link the Pi's by the edges ((i, 0), (i + 1, n2 - 1 )) 
modulo nl. [] 
Since the cross product of two even chordless cycle is disconnected, if the two 
graphs are of even order then we cannot conclude. 
Lemma 3. The cross product of  an even chordless cycle Ct by an even cycle C2 with 
two chords (u,v) and (r,s) with u,v even and r,s odd is a Hamiltonian graph. 
Proof. Let V/= {0 . . . . .  n i - 1} be the set of vertices and ( j , j  + 1) modulo ni be the 
set of edges of Ci for i-- 1,2. 
We build the path T1 (resp. T() linking the vertex (u,0) (resp. (s, nl -2 ) )  to the 
vertex (r, 1) (resp. (v, nl - 1)) defined as follows: 
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For every odd i belonging to {u + 1, u + 3 . . . . .  r - 4, r - 2}, we consider the chain 
Pl( i)  between (i, 1) and (i + 1,0) defined by edges ( ( i ,k ) , ( i  + 1,k + I)) and ((i + 1, 
k + 1),(i,k +2) )  for k= 1 . . . . .  n~ - 1. 
We link the chains Pl(i) and P1(i+2) by the edges (( i+ 1,0),( i+2, 1)). We obtain 
Tl by adding two more edges ((u,O),(u + 1, 1)) and ( ( r -  1,0),(r, 1)). 
By rotation on V(C1 ), we can similarly obtain T(. 
We build the path T~ (resp. /'2) linking the vertex (v,3) (resp. (r, nl  - 1)) to the 
vertex (s,0) (resp. (u,2)) defined as follows: 
For every even i belonging to {v,v - 2 . . . . .  s + 3,s + 1}, we consider the chain 
P2(i) between (i,3) and (i - 1,0) defined by the edges ( ( i ,k ) , ( i  - 1,k + 1)) and 
( ( i -  1 ,k+ 1) , ( i ,k+2))  for k=3 .. . . .  nl - 1. 
We link the chains P2(i) and P2( i -  2) by the edges ( ( i -  1 ,0 ) , ( i -  2,1)), 
( ( i -  2, 1 ) , ( i -  1,2)) and ( ( i -  1 ,2 ) , ( i -  2,3)) and so we obtain T~. 
By rotation on V(C1), we can similarly obtain /'2. 
Let a vertex (x ,y )  belong to V(C1 x C2). 
First, assume that x and y have the same parity. So, if (x, y )= (u, 0) or (x, y )= (r, 1 ) 
or x E {u + 1, u + 2 . . . . .  r - 3, r - 2} then (x, y) belongs to /1. Otherwise (x, y) belongs 
to T2. 
Now, assume that x and y have different parities. So, if (x ,y )=(s ,  nl - 2) or 
(x ,y )=(v ,  nl - 1) or xE{s  + 1,s + 2 . . . . .  v - 3,v - 2} then (x ,y )  belongs to T(. 
Otherwise (x, y) belongs to T~. 
To build the Hamiltonian cycle, we link T1 with T( by the edge ((u,O),(v, nl - 1)), 
/'2 with T~ by the edge ((u,2),(v,3)), plus the edges ((s,0),(r, 1)) and ((s, nl -2 ) ,  
(r, nj - 1)). [~ 
3. Proof of necessity 
To complete the proof of Theorem 1, we need the following well-known result due 
to Chvat~l [2]. We denote by m(G) the number of connected components of a graph G. 
We call the following fact the toughness condition: 
Let  G=(V,E)  be a graph and S a vertex cut-set o f  G. 
If ISI <m(G\S)  then G is not Hamiltonian. 
Proof of Theorem 1. Lemmas 2 and 3 give the sufficient condition of Theorem 1. 
In order to prove the necessary condition, we denote by ni the number of vertices 
of Gi, let C i={0 . . . . .  n i -  1} be a Hamiltonian cycle of Gi with the edges (i , i  + 1) 
modulo n i and S/1 the set of odd vertices, and S 2 the set of even vertices of Gi for 
i-- 1,2. 
Assume that Gl and G2 do not belong to ~.  First, if G1 and G2 are bipartite graphs 
then G1 x G2 is not connected, so the result is obvious. Now we can assume that GI 
is not bipartite. Let A1 be the set of edges ( i , j )  of Gt where i and j are even. Since 
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G1 is not bipartite, we can assume that Al ¢ 0. On the other hand, since G1 does not 
belong to 9¢g, the graph B1 =GI\AI is bipartite and we have C1 C_ V(BI). Similarly, 
let A2 be the set of edges (i',j') of G2 where it and f have the same parity. We can 
suppose that i' and j '  are even (by renumbering). The graph B2 = G2\A2 is bipartite 
and we have C2 _C V(B2). 
Now, we build the graph H = (V(H),E(H)) with V(H)= V(Gl x G2). We partition 
V(H) into four subsets S~ x S~ of the same cardinality m = ½nln2 for r,s= 1,2. The 
set E(H) is defined by taking all possible edges between S~ x S~ and S12 x S g, and 
between S~ x S g and S 2 x S 1. We add to E(H) the edges induced by A1, i.e. all the 
possible edges between S2 x S 2 and S 2 x $21. We claim that 
B1 × B2 is a subgraph of H. (1) 
Indeed, let e=((a,x),(b,y)) be an edge of B1 x BE. By the definition of the cross 
product, the edge (a,b) (resp. (x,y)) belongs to B1 (resp. B2). Since the Bi's are 
bipartite, a and x are even if and only if b and y are odd; or symmetrically, a and x 
are odd if and only if b and y are even. Thus, e belongs to the subgraph of H induced 
by (S~ x S 1 ) t_J (S 2 x S 2). Similarly, a and y are even if and only if b and x are odd; 
or symmetrically, a and y are odd if and only if b and x are even. And so the edge e 
belongs to the subgraph of H induced by (S~ x S 2) tO (S~ x $2 I ). 
Case 1: Az --- 0. 
We claim that 
G1 x G2 is a subgraph of H. (2) 
First observe that G2=B2. Let e=((a,x),(b,y)) be an edge of G1 x B2 with 
(a,b) CA1. Since B2 is bipartite, x and y are not of the same parity. Assume that x, a 
and b are even. So e belongs to the subgraph of H induced by (S 2 x $22) tO (S 2 x S 1 ). 
The fact (1) completes the proof of (2). 
The graph H\(S 2 x S~) has m + 1 connected components. But [$12 x $2[= m, thus 
by the toughness condition, the graph H is not Hamiltonian. And so by (2), Gl x G2 
is not. 
Case 2:A2 ¢ 0. 
Let ( i ' , j ' )  be an edge of A2. 
We build a new graph H'  obtained from H by adding the edges induced by A2, i.e. 
all the possible edges between S~ x S 2 and S 2 x $2; and all the possible edges between 
the vertices of S12 x S 2. We claim that 
G1 x G2 is a subgraph of H'. (3) 
Indeed, let e = ((a,x), (b, y)) be an edge of Gl × G2 with (x, y) E A2. If (a, b) belongs 
to A1 then e belongs to the subgraph of H t induced by SI 2 x S 2. Otherwise, e belongs 
to the subgraph of H'  induced by (S~ x sg) to (S12 x sg). By (1) and (2), the fact (3) 
holds. 
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The graph H\(S~ × S~) has m + 1 connected components. But ]S~ × Sg] =m,  thus 
by the toughness condition, the graph H is not Hamiltonian. And so by (3), G1 x G2 
is not. This completes the proof of Theorem 1. [] 
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